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An analysis of transient and steady-state behaviours in PWM inverter circuits is connected with a calculation of processes 
with different frequencies. In order to analyze such systems an extension of ordinary differential equations with one time 
variable to partial differential equations with two time variables is used. The solution of a resulting partial differential equa-
tion is obtained by using the two-dimensional Laplace transform. The finding of a transient process is connected with the 
necessity of residuum calculation for part of poles. This feature depends on choose of a part of plane of the independent 
variables. An expression for a transient process is obtained for different intervals of voltage supply. References 3, figures 4. 
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Introduction. Processes in inverters with pulse-width modulation (PWM) are considered in 
different works. One of the often used circuits is a single phase half bridge DC-AC inverter shown 
in Fig. 1. Forming of harmonic output signals can be obtained by comparing a high frequency saw-
tooth ramp voltage with a low-frequency sinusoid of the wished harmonic. 

                                              Fig. 1                                                                                         Fig. 2 
 
In order to analyze a voltage in the inverter a method based on double Fourier series [1] is 

applied. An extension of differential equations with one independent variable of time t to equations 
with two independent variables of time t and τ  [2] is used for determine a periodic steady-state be-
havior in circuits of an inverter.  

For exploration of all processes in the circuit of the inverter it is also important to investigate 
a transient process. For the system with two time variables the two-dimensional Laplace transform 
should be applied. Using the two-dimensional Laplace transform there are specificity in obtaining 
both components: the steady-state and the transient behavior. In regards to finding the steady-state 
behavior a procedure is based on residues calculation with respect to poles of a supply voltage and 
control system. In case of the transient process a different procedure should be applied.  

In this article a procedure directed to find the transient process for systems described by dif-
ferential equations with two time variables will be shown. In order to find the transient process, the 
two dimensional Laplace transform is used. The problem based on finding boundary conditions is 
considered and the second based on using the two dimensional Laplace transform is presented. 
Originals are found only to parts of poles of Laplace transform. In the next step, expressions for the 
transient current in a R-L load is determined. 

Mathematical model. The switches 1S  and 2S  shown in Fig. 1 are ideal, turned on and off 
alternately according to control signals. Processes in the circuit are described by the differential 
equation 
                                                           
© Korotyeyev I.Ye., Klytta M., 2018 
ORCID ID: * http://orcid.org/0000-0002-7990-5413;  ** http://orcid.org/0000-0002-6832-0145  



ISSN 1727-9895. Праці ІЕД НАНУ. 2018. Вип. 51 111

                ( ) ( ) ( )di tL Ri t u t
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= − + ,                                                             (1) 

where )(ti  is a current, )(tu  is a voltage on the output of the inverter. 
Since the voltage )(tu  is periodical, as shown in Fig. 2, therefore it is possible to find proc-

esses in the R-L load by the extension of the differential equation (1) with one independent variable 
of time t  to the equation with two independent variables of time, i.e. t and τ  [2] 
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We solve the differential equation (2) using use the two-dimensional Laplace transform [3] 
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Using this transform to (2) yields  
( ) ( ) ),(0,),(),( qsUsLIqsRIqsIqsL ++−=+ ,                                          (3) 

where ),( qsU  and ),( qsI  are images of the voltage ),( τtu  and current ),( τti . In (3) we assume that 
initial condition is 0),0( =τi . 

A solution of such an equation takes the form 
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where )/(),( sqEqsU =  in the interval 10 ττ ≤≤ , tK ωστ cos1 += , σ  is an average value of a modu-
lating signal, K is an amplitude of a modulating signal, ( )0,sI  is an image of the current ( )0,ti , 

T/2πω = . It should be noted that 2/Θ≤σ . 
In order to find an original to (4) we should select the appropriate region of the plane ( )τ,t . 

For the part of the plane ( )τ,t  with τ≥t  a transient process is founded by calculation of the residues 
at the points  

       LRsq −−= ,       0=s ,         0=q ,                                           (5) 
which for the interval 10 τ≤≤ t  yields 
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For the interval Θ≤≤ ττ1  the voltage 0),( =τtu , therefore a transient process has the form 
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Substituting the boundary condition in the result (6) one obtains the following expression 
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In this expression τ ′  determinates as a result of solving the equa-
tion ( )**cos τωσ −−′=′+ tttK  and tK ′+=′ ωστ cos  as shown in 
Fig. 3. This is connected with the fact that the argument of the 
boundary condition ( )0,τ−ti  is the difference of two time vari-
ables t and τ . 

Results of calculation. Let us calculate the transient proc-
ess for following parameters: =R 1,1 Ω;  =L 0,9 mH; E=100 V; 

=T 20 ms; 100/T=Θ  ms; =K  Θ1,0  ms; 2/Θ=σ  ms. In the 
first interval 10 ττ ≤≤  the current 0),0( =τi . The time waveform 
of the transient process for Θ≤≤ 20 τ  is shown in Fig. 4.  

Fig. 3 
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It should be noted that a transient current in the 
circuit of the inverter can be obtained by equating τ=t . 
In order to check the obtained results a numerical method 
is used. This comparing shows correspondence between 
both calculation results.                                             

Conclusions. In this paper the procedure for find-
ing transient processes in circuits of an inverter with a 
sinusoid PWM control has been presented. The procedure 
takes into account that finding of the transient behaviour 
could be considered either for τ≥t  or for t≥τ  part of the 
( )τ,t  plane. The boundary conditions correspond for 
( )τ−ti  or ( )ti −τ  with difference arguments. This defines 

the procedure of the residues calculation and use of the boundary conditions. The obtained results 
have been compared with results obtained by the numerical calculation of this transient process. It 
showed correspondence of both results. 
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АНАЛІЗ ПЕРЕХІДНОГО ПРОЦЕСУ В ІНВЕРТОРІ З ШІМ НА БАЗІ ДВОВИМІРНОГО ПЕРЕТВОРЕННЯ ЛАПЛАСА 
Аналіз перехідних і встановлених режимів у ланцюгах інвертора з ШІМ пов'язаний з розрахунком процесів з 
різними частотами. Для аналізу таких систем застосовується процедура розширення від диференціальних 
рівнянь з однією змінною часу до диференціальних рівнянь з частковими похідними (у часткових похідних) і 
двома змінними часу. Розв’язок диференціального рівняння в часткових похідних знаходиться із використанням 
двовимірного перетворення Лапласа. Пошук перехідного процесу пов'язаний з необхідністю обчислення відраху-
вань для частини полюсів. Ця властивість залежить від вибору частини площини незалежних змінних. Вираз 
для перехідного процесу отримано для різних інтервалів напруги живлення.  Бібл. 3, рис. 4. 
Ключові слова: аналіз перехідного процесу, двовимірне перетворення Лапласа. 
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АНАЛИЗ ПЕРЕХОДНОГО ПРОЦЕССА В ИНВЕРТОРЕ С ШИМ НА ОСНОВЕ ДВУМЕРНОГО ПРЕОБ-
РАЗОВАНИЯ ЛАПЛАСА 
Анализ переходных и установившихся режимов в цепях инвертора с ШИМ связан с расчетом процессов c раз-
личными частотами. Для анализа таких систем применяется процедура расширения дифференциальных урав-
нений с одной переменной времени до дифференциальных уравнений с частными производными и двумя пере-
менными времени. Решение дифференциального уравнения в частных производных находится с помощью дву-
мерного преобразования Лапласа. Нахождение переходного процесса связано с необходимостью вычисления 
вычетов для части полюсов. Это свойство зависит от выбора части плоскости независимых переменных. 
Получено выражение для переходного процесса для разных интервалов питающего напряжения.  Библ. 3, рис. 4. 
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