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TRANSIENT ANALYSIS IN PWM INVERTER BASED ON TWO DIMENSIONAL
LAPLACE TRANSFORM
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An analysis of transient and steady-state behaviours in PWM inverter circuits is connected with a calculation of processes
with different frequencies. In order to analyze such systems an extension of ordinary differential equations with one time
variable to partial differential equations with two time variables is used. The solution of a resulting partial differential equa-
tion is obtained by using the two-dimensional Laplace transform. The finding of a transient process is connected with the
necessity of residuum calculation for part of poles. This feature depends on choose of a part of plane of the independent
variables. An expression for a transient process is obtained for different intervals of voltage supply. References 3, figures 4.
Key words: transient process analysis, two dimensional Laplace transform.

Introduction. Processes in inverters with pulse-width modulation (PWM) are considered in
different works. One of the often used circuits is a single phase half bridge DC-AC inverter shown
in Fig. 1. Forming of harmonic output signals can be obtained by comparing a high frequency saw-
tooth ramp voltage with a low-frequency sinusoid of the wished harmonic.
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In order to analyze a voltage in the inverter a method based on double Fourier series [1] is
applied. An extension of differential equations with one independent variable of time # to equations
with two independent variables of time ¢ and « [2] is used for determine a periodic steady-state be-
havior in circuits of an inverter.

For exploration of all processes in the circuit of the inverter it is also important to investigate
a transient process. For the system with two time variables the two-dimensional Laplace transform
should be applied. Using the two-dimensional Laplace transform there are specificity in obtaining
both components: the steady-state and the transient behavior. In regards to finding the steady-state
behavior a procedure is based on residues calculation with respect to poles of a supply voltage and
control system. In case of the transient process a different procedure should be applied.

In this article a procedure directed to find the transient process for systems described by dif-
ferential equations with two time variables will be shown. In order to find the transient process, the
two dimensional Laplace transform is used. The problem based on finding boundary conditions is
considered and the second based on using the two dimensional Laplace transform is presented.
Originals are found only to parts of poles of Laplace transform. In the next step, expressions for the
transient current in a R-L load is determined.

Mathematical model. The switches s, and s, shown in Fig. 1 are ideal, turned on and off

alternately according to control signals. Processes in the circuit are described by the differential
equation
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L%:—Ri(tyru(t), (1)

where i(¢) is a current, u(z) is a voltage on the output of the inverter.
Since the voltage u(¢) is periodical, as shown in Fig. 2, therefore it is possible to find proc-

esses in the R-L load by the extension of the differential equation (1) with one independent variable
of time ¢ to the equation with two independent variables of time, i.e.  and ¢ [2]

L ai(é;f) +L 61’5;,;) =—Ri(t,7) +u(t,7). @

We solve the differential equation (2) using use the two-dimensional Laplace transform [3]
F(s,q)=[[ f(t,0)e™" " dudt .
00
Using this transform to (2) yields

Lls +q)I(s,q) =~RI(s,q) + LI(s,0) + U (s,q), 3)
where U(s,q) and I(s,q) are images of the voltage u(z,7) and current i(¢,7). In (3) we assume that
initial condition is i(0,7) =0.

A solution of such an equation takes the form
E LI(s,0
o) - p M0 @)
sq[L(s+q)+R] L(s+q)+R

where U(s,q)=E /(sq) in the interval 0<7<7,, 7, =0 + Kcoswt, o is an average value of a modu-

lating signal, K is an amplitude of a modulating signal, 1(s,0) is an image of the current i(z,0),

@ =27z/T . It should be noted that c <®/2.
In order to find an original to (4) we should select the appropriate region of the plane (¢,7).
For the part of the plane (¢,7) with 7> 7 a transient process is founded by calculation of the residues
at the points
g=—-s—R/L, s=0, qg=0, (5)
which for the interval 0<7 <7, yields

_R, E _R,
i(t,r)=e L i(t—r,O)+E l—-e L |.

For the interval 7; <7 <@® the voltage u(z,7) =0, therefore a transient process has the form

_E(T_Tl)

i(t,7)=i(t—7,7))e L (6)
Substituting the boundary condition in the result (6) one obtains the following expression
—E(T*—T') E _51—'
i(t*,z’*)ze L —|l1-e L )
R
In this expression 7’ determinates as a result of solving the equa- |
tion a+Kcosa)t’:t’—(t*—r*) and 7'=o0+ Kcoswt' as shown in | i
I =7
Fig. 3. This is connected with the fact that the argument of the t27 | A s
boundary condition i(—7,0) is the difference of two time vari- 1—— — A —¢ |/
r-——{17},7
ables fand r. ) e
Results of calculation. Let us calculate the transient proc- P K
ess for following parameters: R=1,1 Q; L=0,9 mH; £E=100 V; i 1)1
T=20ms; ®©=T7/100 ms; K= 010 ms; c=0/2 ms. In the /T/>t Vo
first interval 0<7 <z, the current i(0,7) =0. The time waveform . — ,| L o
Tt T T

of the transient process for 0 <z <20 is shown in Fig. 4.
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It should be noted that a transient current in the
circuit of the inverter can be obtained by equating t=7.
In order to check the obtained results a numerical method
is used. This comparing shows correspondence between
both calculation results.

Conclusions. In this paper the procedure for find-
ing transient processes in circuits of an inverter with a
[ sinusoid PWM control has been presented. The procedure
|/ 000 takes into account that finding of the transient behaviour
g 0-0005\‘“\\J,/; could be considered either for ¢ >z or for r >¢ part of the

(t,r) plane. The boundary conditions correspond for

0.0001 /
0.0002

Fig. 4
© i(t—7) or i(r—t) with difference arguments. This defines

the procedure of the residues calculation and use of the boundary conditions. The obtained results
have been compared with results obtained by the numerical calculation of this transient process. It
showed correspondence of both results.
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AHAJII3 NEPEXITHOT'O MPOLECY B IHBEPTOPI 3 IIIIM HA BA3I IBOBUMIPHOI'O IEPETBOPEHHSI JIAIIVIACA
Ananiz nepexionux i 8cmaHoeieHuUx pedcumis y aanyroeax ineepmopa 3 LLIM nos'azanuil 3 pospaxynkom npoyecig 3
PisHUMU yacmomamu. [ ananizy maxkux cucmem 3aCMOCO8YEMbCA Npoyeoypa po3uiupeHHs 6i0 ougdepenyianrbHux
Pi6HsNb 3 OOHIEI0 3MIHHOIO 4Acy 00 OUpepeHYianbHUX PiHIHb 3 YACMKOGUMU ROXIOHUMU (V YACMKOBUX NOXIOHUX) I
0goma sminHuMu uacy. Po3e’s30k oughepenyianohozo piHsHHsL 6 YACMKOBUX NOXIOHUX 3HAXOOUMbCSL 13 BUKOPUCHIAHHSM
0606uMipHo20 nepemsopenns Jlannaca. Ilowyx nepexionoeo npoyecy nos'szanutl 3 HeOOXIiOHICMIO 0OYUCTeHHS 8iOpaX)-
8aHb 0151 YACMUHY nomocig. L{a enacmusicme 3anedcums 6i0 UOOPY 4ACMUHU NIOWUHU HE3ANEHCHUX 3MIHHUX. Bupas
07151 nepexioH020 npoyecy OmpuMaHo 0Jisi Pi3HUX iHmepsanie Hanpyeu Jcusnenns. biom. 3, puc. 4.
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AHAJIN3 MEPEXOJHOI'O MPOUNECCA B UHBEPTOPE C IIMM HA OCHOBE IBYMEPHOI'O ITPEOB-
PA3OBAHUS JAIIJIACA

Ananuz nepexoOHvix u yCMaHOBUSUIUXCSL PEACUMO8 6 yensx uneepmopa ¢ LLIUM ceszan ¢ pacuemom npoyeccos ¢ pas-
JUYHBLIMU Yacmomamu. /s ananuza maxux cucmem npuMeHsemcs npoyedypa pacuuperus oug@epenyuanvHulx ypas-
HEeHUll ¢ OOHOU NePeMeHHOU 8peMeHU 00 OuphepeHyuanbHbiX YPAGHEHUN C YACMHBIMU NPOU3BOOHbIMU U 08YMsl nepe-
MenHbiMu 8pemenu. Pewenue oughgepenyuanvroeo ypasnenus 6 wacmuuix pou3800HbIX HAXOOUMCS C NOMOWLIO 08Y-
MepHoeo npeobpasosanus Jlannaca. Haxoscoenue nepexoonoeo npoyecca c643aHO ¢ HeOOX0OUMOCMbIO BbIHUCTIEHUS
8bluemog 0/ YdACmU NOaCco8. Mo C8OUCMEO 3a8UCUM OM 8blOOPA 4ACMU NIOCKOCU He3A8UCUMbIX NePeMeHHbIX.
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